TOWARD A MACKEY FORMULA FOR COMPACT 
RESTRICTION OF CHARACTER SHEAVES 



PRAMOD N. ACHAR AND CLIFTON L.R. CUNNINGHAM 

Abstract. We generalize [6| Theorem 3] to a Mackey-type formula for the 
compact restriction of a semisimple perverse sheaf produced by parabolic in- 
duction from a character sheaf, under certain conditions on the parahoric group 
scheme used to define compact restriction. This provides new tools for match- 
ing character sheaves with admissible representations. 



Introduction 

In this paper we prove a Mackey-type formula for the compact restriction func- 
tors introduced in p]. The main result, Theorem [U applies to any connected 
reductive linear algebraic group G over any non-Archimendean local field K that 
satisfies the following three hypotheses: 

(H.O) G is the generic fibre of a smooth, connected reductive group scheme over 

the ring of integers Dk of K; 
(H.I) the characteristic of K is not 2 (in particular, this condition is met if the 

characteristic of IK is 0); 
(II.2) for every parabolic subgroup Pjj' C G Xsp^^.j-jj) Spec (K) there is a finite 

unramified extension K' of K and a subgroup P C G Xgpoc(K) Spec(K') 

such that J' Xsp(,(.(K') Spec (K) is conjugate to P^' by an element of G(K'' ). 
Here, K is a separable algebraic closure of K and K*'' is the maximal tamely ramified 
extension of K contained in K. 

As far as applications to representation theory are concerned, these are, arguably, 
mild hypotheses. Hypothesis H.O is equivalent to demanding that the Bruhat-Tits 
building of G(K) admits a hyperspecial vertex (see ^2^)- Every quasi-split reductive 
linear algebraic group over K that splits over an unramified extension of K satisfies 
this hypothesis (again, see [22]). Hypothesis H.I is met whenever K is a finite 
extension of Qp and p > 2. Hypothesis H.2 is satisfied if G is quasi-split over a 
maximal unramified extension of K and so, in particular, if G is quasi-split over K. 
If G is specified, Hypothesis H.2 has the effect of imposing a lower bound on the 
residual characteristic of K that depends on G. One large and interesting class of 
algebraic groups to which Theorem [1] applies (because they satisfy Hypotheses H.O, 
H.I and H.2) consists of unramified linear algebraic groups G over non- Archimedean 
local fields K of characteristic or greater than 3. 

In order to state Theorem [H we must recall a few facts concerning parahoric 
group schemes. In [3] and [S], Frangois Bruhat and Jacques Tits showed that 
parahoric subgroups of G(K) (where G is a connected reductive linear algebraic 
group over K) may be understood as subgroups arising from a class of smooth group 
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schemes over Spec (Ok) with generic fibre G; these smooth integral models for G 
are habitually called parahoric group schemes. They further showed that parahoric 
group schemes are parametrized by facets in the Bruhat-Tits building for G{K). 
Let I{G, K) denote the Bruhat-Tits building for G(K) and for each x e I{G, K), let 
Gj. denote the parahoric group scheme attached to (the minimal facet containing) 
X. Then G^ is a smooth group scheme over Spec (Dk) and its generic fibre, (G^)k, 
is G. The group G^{Dk) of £)K-rational points on G^ is a parahoric subgroup of 
G(K) and every parahoric subgroup of G(K) arises in this manner. Although the 
special fibre of G^, denoted by {G.^)wg in this paper, is a connected linear algebraic 
group over the residue field Fg of K, it is generally not a reductive group scheme. 
Parahoric group schemes are generally not reductive group schemes. In fact, G^. is 
reductive precisely when the parahoric subgroup G^(Dk) is hyperspecial; in this 
case, X is a hyperspecial vertex in /(G, K). Even if x is not hyperspecial, it is useful 
to consider the map (of group schemes over Fq) i^g^ : (G^)f, (G^)F/ ^o the 
maximal reductive quotient of {G^)¥g- 

One more notion is required in order to state Theorem [TJ the compact restric- 
tion functors introduced in [6]. These are designed with applications to characters 
of admissible representations in mind; here we recall their definition only. Each 
parahoric group scheme G^ determines a compact restriction functor 

creS(Gj,^ : D'iiG^^q,) ^ D'J{GJI^,Q,), 

introduced in [6l Definition 1] and defined by 

creS(GJog -("{GJof)'- (diniz/G^/2) R«'(gJor- 

Here R*(gJo^ ■ ^cI^k^Q^) ^ ^c((G^)f,: Q«) is the nearby cycles functor (de- 
fined as in [U 4.4.1], for example) for the group scheme (G^)ot-=^a; Xspcc(£)k) 
Spec(D£), where is the ring of integers of a fixed separable algebraic closure 
K of K, and (dimi/G^/2) indicates Tate twist by dimi/G^/2. Notice that the com- 
pact restriction functor uses push-forward with compact supports of the morphism 
^(G^)o- • (^x)¥, ~^ {G^Yf'^ obtained from i^g^ by extending scalars from F, (the 
residue field of K) to Fg (the residue field of K). Hypothesis H.O ensures that 
dim vg is even |6, Lemma 2] . 

Now we may state Theorem[Tl supposing Hypotheses H.l and H.2 are met for G 
over K: if K'/K is a finite unramified extension and if P is a parabolic subgroup of 
G Xspoc(K) Spec (K') with reductive quotient L x gp^^.j-jj-) Spec (IK') (so L is a 'twisted 
Levi subgroup' of G), then for every x G /(G, K) for which that star of a; G /(G, K) 
contains a hyperspecial vertex (in which case Hypothesis H.O is also met) there is 
a finite set S C G(K') such that 

(G )-°^ / \ 

for every character sheaf Q of L^:=L Xgp(,(,(jj) Spec(]K). The finite set 5, the 
parabohc subgroups vg^, ( ^P^Af^ of {G^Y^^, the integral models L^,g appearing 
in cresfr , , and the meaning of "(cresz-r , v_ Q), are all given in the proof of 
Theorem [TJ 

In ini we showed that the compact restriction functors creSf-c _ satisfy proper- 
ties that go some way to showing that they are cohomological analogues of compact 
restriction functors for admissible representations. Theorem [T] extends this analogy 



TOWARD A MACKEY FORMULA FOR COMPACT RESTRICTION 



3 



by providing a Mackey-type formula for creS(G' )i-,_indp^Cy in certain cases. We 
believe that the condition placed on x (that its star contains a hyperspecial vertex) 
is unnecessary; that is the content of Conjecture [1] and the subject of current work. 

Before concluding this introduction we acknowledge the elephant in the room: 
we do not know if the compact restriction cresfc -i ^ of a character sheaf of 
Gjj is, in general, a semisimple perverse sheaf. However, if xq is hyperspecial, then 
CYeS(G = R^fG ~)o which is perverse if T is perverse. In Proposition [5] 

we show that more is true: if is a character sheaf of and xq is hyperspecial, 
then creS(G )o--^ ^ direct sum of character sheaves of {G_^^^)^'^ = {Gx„)w^, and 
therefore a semisimple perverse sheaf of geometric origin. This is a crucial ingredient 
in the proof of Theorem [1] 

We offer our thanks to Hadi Salmasian, who supplied several ideas for this paper. 

1. Cuspidal perverse sheaves 

Let k be any algebraically closed field and let Gt be any connected reductive 
linear algebraic group over k. A perverse sheaf on Gt is a strongly cuspidal 
perverse sheaf 11] 7.1.5] if: 

(SC.l) there is some n € N invertible in k such that J- is equivariant with respect 

to the Gk X Zq^ action on Gk defined by {g, z) : z^ghg^^; 
(SC. 2) resp^' J" = for every proper parabolic subgroup Pt C Gk. 

A perverse sheaf J-" is a cuspidal perverse sheaf if it satisfies an a priori weaker 
condition, articulated in |10| 7.1.1]; in particular, every strongly cuspidal perverse 
sheaf is a cuspidal perverse sheaf. In pm 7.1.6], Lusztig showed that every character 
sheaf is cuspidal if and only if it is strongly cuspidal. He also showed [14, Theo- 
rem 23.1(b)] that if Gk is classical or exceptional in good characteristic, then every 
simple cuspidal perverse sheaf on Gk is a character sheaf. Accordingly, in these 
cases, it has been known for some time that every simple cuspidal perverse sheaf 
is a cuspidal character sheaf. More recently, Ostrik has made this result uncondi- 
tional: every simple cuspidal perverse sheaf of Gk is a cuspidal character sheaf of 
Gk, for every connected reductive linear algebraic group Gk over any algebraically 
closed field k Theorem 2.12]. 

For every cuspidal character sheaf there is a cuspidal pair (S,f) [9J Defini- 
tion 2.4] such that T — ji* £[dimS] [lOl Proposition 3.12] where j : T, ^ Gt 
is the inclusion of the locally closed subvariety S. The cuspidal character sheaf 
ji* £[diml]] is clean [Tlj Definition 7.7] if 

j'l* f [dimS] = jt £[dimE] ^ j^, £[dimS]. 

A connected, reductive linear algebraic group is clean 12, 13.9.2] if every cuspidal 
character sheaf of every Levi subgroup of Gk is clean. Lusztig has conjectured that 
every connected reductive linear algebraic group Gk over an algebraically closed 
field k is clean, and has shown [Mj Theorem 23.1 (a)] that if the characteristic of 
the field k is not 2, 3 or 5 then Gk is clean; in fact, [111 Theorem 23.1 (a)] shows 
much more. This result was strengthened by Shoji in [171 and |18j, and again by 
Ostrik [16[ Theorem 1] , in light of which we now know that if the characteristic of 
k is not 2 or if Gk has no factors of type F4 or Eg, then Gk is clean. In particular, 
if the characteristic of k is not 2, then Gk is clean. 
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Proposition 1. // Gt is clean then every strongly cuspidal perverse sheaf on Gt 
is a direct sum of cuspidal character sheaves; in particular, under these conditions 
every strongly cuspidal perverse sheaf on Gk is semisimple of geometric origin. 

Proof. The category of perverse sheaves on Gt is Artinian and Noetherian: every 
perverse sheaf has finite length [1] Theoreme 4.3.1 (i)]. We prove Proposition [1] by 
induction on the length (of the composition series) of cuspidal perverse sheaves on 
Gk. First, suppose is a cuspidal perverse sheaf and the length of is 1. Then 

is a simple perverse sheaf and a strongly cuspidal perverse sheaf, and therefore 
a cuspidal character sheaf, by hypothesis. 

Next, suppose is a strongly cuspidal perverse sheaf with length at least 2. Let 
g he a simple sub-object of J-. Arguing as in ^10, 1.9.1], it follows that Q satisfies 
condition SC.l above (with n determined by J^); in particular, Q is an equivariant 
perverse sheaf. 

We will demonstrate that Q satisfies condition SC. 2. In the abelian category of 
perverse sheaves, form the short exact sequence below. 

(1) — — — ^J'/g — ^0 

Then T/g is equivariant (again, use [101 1.9.1]). Let Ji C G be a proper parabolic 
subgroup; let Lk be its reductive quotient. Since res^^^ : AdoxG^ Ml^L^ is 
an exact functor (on and to equivariant perverse sheaves) it takes ([T]) to the short 
exact sequence below. 

(2) res^^' g ves^^T res^^^ {T/g) 

Since is a strongly cuspidal perverse sheaf (by hypothesis) and the sequence is 
exact, res^^^ = 0. Since was an arbitrary proper parabolic subgroup of Gk, 
it follows that (y is a strongly cuspidal perverse sheaf. Since g is also simple, by 
hypothesis, it follows that is a cuspidal character sheaf. 

The paragraph above also shows that res^^ (-^/S) = for every proper parabolic 
subgroup of Gk. Thus, F/g is a strongly cuspidal perverse sheaf. Since the length 
of T/g is strictly less that that of J^, it follows (from the induction hypothesis) 
that F/g is a direct sum of cuspidal character sheaves. Accordingly, we write 
F /g = ©iG/&) where each t/^ is a cuspidal character sheaf. Since F is an extension 
of T/g by g, it corresponds to an element of Ext^(J'/5, g). Now, Ext"^(^/t/, g) — 
Wiizi Ext'^(^i, ^). Recall that g and each are cuspidal character sheaves. It now 
follows from Lemma [T] that Ext^(^7i,^/) = 0, and therefore that Ext^(J^/t/, C/) = 0. 
This means that the short exact sequence in ([T} is split. Thus, 

J" = T/g ®g= ®g^®g. 

Therefore, 7^ is a direct sum of cuspidal character sheaves. □ 

Lemma 1. If Gk is clean then Ext^(f/i,C/) = for all cuspidal character sheaves 
gi, g ofGk. 

Proof. Let g (resp. g^) be a clean cuspidal character sheaf of Gk. Then there is a 
unique cuspidal pair (S,f) (resp. (Si,fi)) such that g — IC'(I], f )[dim E] (resp. 
gi = IC {T,i, £i)[dmiT,i]). Since we have assumed Gk is clean, g (resp. C/^) is a 
clean cuspidal character sheaf. Since g (resp. g) is clean, g = ji* f[dimS] = 
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j* f[dinil]] = j\ £[dinil]] (resp. Gi {ji)]^, £i[diiRT.i\ = (ji)^ £i[dimJ2i] = 
f^dimSi]). 

Consider two cases. On the one hand, if S 7^ then EflSi = (this is a property 
of cuspidal pairs), and since Qi and Q are clean, it follows that Ext^(Cyi, Q) ~ Q for 
trivial reasons (they have disjoint support). On the other hand, suppose Yj — T^. 
Then Ext^(^,,g) = Exti(j!,£:,;[d iniS], j!,£'[diml]]). Since Qi and Q are clean, 

Ext"'^(j!*fi[dimS],j!*f [dimS]) ^ ¥j-K\}{j\£i, 

By adjunction, 

Exti(i,f„ = Exti(rj!f»,f) - Exti(f„f). 

Now £i and f are local systems on S corresponding (under an equivalence of cat- 
egories determined by the choice of a geometric point s on E) to irreducible Q^- 
representations of the algebraic fundamental group 7ri(I], s). This group is compact 
(since it is profinite) and is algebraically closed of characteristic 0, so the cate- 
gory of Q^-representations of 7ri(S, s) is semisimple. Thus, Ext^(£i,f) = 0. □ 

2. A LITTLE GEOMETRY 

Proposition 2. Let G he a connected, reductive linear algebraic group over a non- 
Archimedean local field K. For every parabolic subgroup P <Z G and for every 
X G /(i, IK) there is a smooth integral model for P such that P_^{'D^) — P(K) H 
Gj.(Dk)- Moreover, if L is the Levi subgroup of P and if x actually lies in the 
building I(L,'K) as a sub-building o//(G', K), then the quotient tt : P — > L extends 
to a morphism of smooth integral models tt^ : P_^ — >■ L^ , where L^ is the parahoric 
group scheme for L determined by x as an element of L{L,K.). 

Proof. Let P^ be the schematic closure of P in G^. Observe that P is a closed 
subscheme of G and recall that, by definition (c/. [2j §2.5], for example), P^ is 
the smallest closed sub-scheme of containing P. By j23[ §2.6, Lemma], P^ is a 
model of P and P^ is a subscheme of . Let P^ — >■ G^ be the closed immersion 
extending P G such that PJOk) = P(IK) n G^(Dk) 1.7]. 

Now we show that the DK-scheme P^. is smooth. Let T be a maximal torus of 
G contained in L and let $ be the root system determined by the pair {G,T). To 
simplify the exposition, we give the proof of smoothness for the case when P is a 
Borel subgroup B with Levi T . 

Without loss of generality, suppose x lies in the apartment for T. Let T be the 
Neron- Raynaud model for T. Arguing as in the proof of (23, §7, Theorem], write 
as TxU_^ , where IJ_^ is the image of J^^ Ug^ under multiplication, where the product 
is taken over all roots in $ that are positive for B and where Ua^ is the unique 
smooth integral model of the root subgroup 11^ C G such that [/^^(Dk) — Ua(^)x.o 
(c/. §4.3]). Since T and are smooth, and since the product is taken over 
Spec (Dk) , it follows that B_^ is also smooth. 

The last point is clear. □ 

3. Gm-EQUIVARIANT BASE CHANGE 

Notation from Proposition [21 
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Proposition 3. Let P be a parabolic subgroup of P with Levi subgroup L. Suppose 
xo G /(LjK) ^ I{G,K) is hyperspecial. For every equivariant perverse sheaf Q on 

creS(L )^-,_ resofy = res,p ' creS(G j^.y- 



Proof. 



- ((2I.Jf,)! R*(Pxo)o, (e|pJ (LcmmaED 
= ((7r^.o)f,)! (R*(ixo)oi ^) l(£-n)t<, (smooth base change) 



(Sxn )f„ ^ 

res.p creS(G )o_t/ 



□ 



Lemma 2. Lei P be a parabolic subgroup of G with Levi subgroup L. Suppose 
X G /(L,K) ^ /(G, K). If J- is an equivariant perverse sheaf on Pjg then there is 
a canonical isomorphism 

Proof. The quotient tt : P — i is not proper, so this is not an instance of proper 
base change. Instead, we must do some work. The proof of Lemma[2]is obtained by 
introducing an action of Gm.OK E-x ^^id then adapting results from JSl Lemma 6] 
and [19t Corollary 1] . Appendix [A] explains how the terms 'invariant-theoretic 
quotient' and 'contracting' are used below. 

In order the use [3], we must establish the following facts. 

(B.l) TT : P L \s the invariant-theoretic quotient of a contracting K-action of 
Gm^K on P; 

(B.2) J- is equivariant for the action of G„i g on Pjj obtained by extension of 
scalars; 

(B.3) TTj. : _Pj. L_,j. is the invariant-theoretic quotient of a contracting DK-action 
of G™,Ok on P^; 

(B.4) (j(p^)£,- )* is equivariant for the action of G,„ on (P2;)Ok obtained by 
extension of scalars. 

Although B.l and B.2 actually follow from B.3 and B.4, we begin by explaining 
what B.l and B.2 mean and how to use them to prove part of this lemma, before 
moving on to the more complicated statements B.3 and B.4 and how to use them. 
To simplify the exposition, here we only treat the case when P is a Borel subgroup. 

As in the proof of Proposition [51 let T be a maximal torus of G contained 
in L and let $ be the root system determined by the pair {G,T). Let P be a 
Borel subgroup of G with Levi T; let [/ ^ Up be the unipotent radical of B. 
Let be the set of roots in $ that are positive for B. Let 5 be the character 
of Zt — T defined by (5 = ^ X]ae*+ ^'^ ^^^^ ^ (strongly) dominant weight and 
the co-character (5 is a dominant cocharacter. Then ^ : Gm,K x P — > P, defined 
by /X : (z,&) ^ 5{z)b5{z)~^ , is an action of Gm,K on P. Moreover, because 5 
centralizes T, the restriction of /i to Gm k x U defines an action fxij of Gm.K on U 
such that iJ,{z,u yi t) — nu{z,u) x t, with reference to P = P x P. Accordingly, 
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^G™,K ^ [/ ™'*^xr. Using the classical mononiorphisms Uq : Ga^K ^ U with image 
Ua (see [21] for example) and their fundamental properties (see or [20j 1.1, 1.2(b)], 

G 

for example), it follows that [7^™''' = 1. (The main point here is U = riQ;e$+ 
and tuai^t'^ = Ua{a{t)^).) Thus, = T. Moreover, it follows from these 

same fundamental facts that there is a map fL : x B ^ B such that the following 
diagram commutes, 

Gm,K X B ^ B 




AlxB 



where the bottom-left arrow is the open subscheme in the first component and the 
identity on the second. Since this is exactly what it means to say that the action 
of Gm,K on B is contracting, and since B'^"^ = T, it follows automatically that 
T — Bl/GmjL (c/. Appendix [A| and that tt : — > T is the invariant-theoretic 
quotient (c/. Appendix [A]) . Thus, B.l is established. 

Extending scalars from K to IK gives an K-action of Gm k which again 

is contracting. Because T is an equivariant perverse sheaf for conjugation, and 
because the IK-action of G,„ ^ on B-g^ is defined by conjugation by the co-character 
5, is equivariant for this action also. This establishes B.2. 

We now explain the significance of facts B.l and B.2. Let : ^ Pjg be 
inclusion. This is a section of ttj^ : — >■ Ljg. Thus, 7rgoi£ is the identity morphism 
of so TT]^^ tjx^, is isomorphic to the identity functor. Composing tt^^ with the 
adjunction morphism id — ?> t^*, we thereby obtain a morphism of functors 
""k* ~^ s-iid, dually, — > tt^,. Now, because of B.l and B.2, [21 §6] applies and 
shows that these morphisms of functors induce isomorphisms on Gm ^-equivariant 
sheaves! In particular, 

(3) = ttk, J" 

Accordingly, 

With reference to notation from Proposition [2l let ■ L.x ^ E.x be inclusion. 
Then (i^)^ = % and, by base change, 

(5) Uikjof)* ((a^)k)' = iiLx)oJ- (j(Pjog)* ^■ 

Arguing as above, we obtain a morphism of functors {{i^)oX' {{lLx)OfJ\- 
We will see that this is an isomorphism of functors on the appropriate category of 
sheaves. To do this, we turn to B.3 and B.4. 

In order to prove B.3 and B.4 we may suppose, without loss of generality, that 
xq lies in the apartment determined by T. Set T :=T^', this is the Neron- Raynaud 
model for T. Each co-character of T extends to a K-morphism Gm £)j, — > T, as in the 
proof of [HI Proposition 4]. Using 6, §2.3], define an Ds-action fi^ : Gm.Or, ^ —x ~^ 
B_^ as above (using the extension of the dominant co-character 6). To see that 
this action is contracting (c/. Appendix recall, for each a G $, the smooth 
integral scheme Ua^ for Ua that appeared in the proof of Proposition [2J and also 
U_^. Each Ua comes equipped with a K-morphism Ua ■ Go — > Ua that satisfies 
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the analogue of [20l 1.1] and C/^ satisfies the analogue [20j l-2(b)] with regards to 
the additive schemes Ua ! 

—X 

X ^ ^ B,. 





The proof of B.l, above, adapts to the present context, and gives B.3. The fact 
that jp is morphism of group schemes gives B.4. 

The final miracle is that the proof in [3J §6], which is largely formal, applies to 
the category of D^-schemes. Accordingly, facts B.3 and B.4 determine 

(6) i.i.Lx)oJ (j(PJog)* ^ - {{lLx)Of)\ (j(PJog)* ^■ 

Thus, 

C^) (^(iJog)* (Ua.)Ot)' fe)Oi^)* ^ - (HLJo^T ((2La;)Ot)! U{PJo^)* 

By base change, 

(8) (Hijog)* iilLx)Oi)<. (j(Pjog)* J" = {{lLx)f,)< (HpJo^T (j(PJog)* 
and by the definition of the nearby cycles functor, 

(9) ((2IJf,)! (HEJo^T (J(PJos)* = (feJfj! R*(PJos 
Combining Equations (g]), ©, ©, © and © gives the proof of Lemma d □ 

4. Nearby cycles of cuspidal character sheaves 

Proposition 4. Suppose G is a connected, reductive linear algebraic group over a 
non- Archimedean local field K. If G_^^ is hyperspecial and Q is a cuspidal character 
sheaf of then creS(G )d-^ strongly cuspidal perverse sheaf on (G^g)jr^. 

Proof. First we show that cresfc ~)o 5 is a strongly cuspidal perverse sheaf. Let 
Qf^ be a proper parabolic subgroup of {G^^)f"^; let Mf^ be the Levi subgroup of 

(G )-^^ 

Qw ■ We will see that res^""" ^' cresffj -i G = 0- 

The parabolic subgroup Qf ^ is defined over some finite extension Wq, of , so 
we write Qf^ — Q Xgp^^^-p Spec (Fg) where Q is a linear algebraic group over F,/. 

Let M be the reductive quotient of Q. Let K' be the unramified extension of IK in IK 
with residue field ¥qi. Let Xq denote the image of xq under /(G, IK) ^ I{G, K') and 
let G^i^ be the parahoric group scheme for Gk' determined by Xq. (Since K'/IK is 
unramified, G^t^ = G^^ >^Spcc{Ok) Spec(DK'). Pick x' £ I{G,K') such that x' > x{^ 
and Px'g<x' ~ Q and (G.^.t)^'^ — M, where Px'^<x' is as defined in [6j §2.1] (where it 
is denoted by Px<y)- (Such an x' can be found because, locally, the affine building 
at corresponds to the (spherical) building for (G^j^)"f [8].) Then 

resQ,; creS(G^^),^CJ = resQ^; = ^^W^ ^^^^(g.;.)ok^- 
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On the other hand, the relative position of x'q and x' in I{G,K') also determines a 
proper parabolic subgroup P of Gk' such that {Px'^)'^'^ = Px'„<x'- Thus, 

Tes,p° y cieSfG ,)o-y = ^^^(p ,)- cres(G,)o-^- 
It follows from Proposition [3] (with K replaced by K') that, 

res,p \_ creS(G , \ Q = cres/^ , ) resp^y, 

where L is the Levi subgroup of P . (Observe that Xq lies in the image of /(L, K') ^ 
/(G,K'), by design.) We have used the fact that is a cuspidal character sheaf 
since it is strongly cuspidal. Since P is a proper parabolic subgroup of G, it follows 

that reSp*'^/ = 0. We have now seen that res!^^"^^' cresfr; "i for every 

proper parabolic subgroup Qf^ of (G^p)|°'^. Thus, creS(G satisfies condition 

SC. 2 (c/. Section [T]). To verify condition SC.l one uses [TOl 1.9.1], as in the proof 
of Proposition [1] □ 

5. Nearby cycles of cuspidal character sheaves are semisimple 

Proposition 5. Suppose G is a connected, reductive linear algebraic group over 
non- Archimedean local field K of odd or zero characteristic. If G^^ is hyperspecial 
and Q is a cuspidal character sheaf of G£ then cres((3 ).c-G is a direct sum of 
cuspidal character sheaves on {G_^^)f^. 

Proof. By proposition 21 creS(G )o-^ ^ strongly cuspidal perverse sheaf on 
{G_.j.^y^'^ . Since the characteristic of K is not 2, the residual characteristic of 
K is odd. Accordingly, {G_^^y^'^ is clean ([ini Theorem 1], improving Theo- 
rem 23.1 (a)]) and every simple cuspidal perverse sheaf on {G_^^^)f^ is a character 
sheaf (TlTi Theorem 2.12] improving [lA; Theorem 23.1 (b)]). It now follows from 
Proposition [T] that cresfc \ (y is a direct sum of cuspidal character sheaves. □ 

Remark 1. If Q is a cuspidal character sheaf of G^ and x e /(G,IK) is not 
hyperspecial and the star of x contains a hyperspecial vertex, then cres^g Q = Q. 
This follows from the proof of Proposition and [51 Theorem 1] . We will not use 
that fact in this paper. 

6. A LITTLE MORE GEOMETRY 

Proposition 6. Let G be a connected, reductive linear algebraic group over a non- 
Archimedean local field K. For every parabolic subgroup P C G and every x e 
/(G,K) there is a smooth integral model G^/P_^ for G/P, and a principal fibration 
G_x G_^/P_^ with group P^ such that the special fibre of G^/P_^ is the quotient 
variety {G^)wJ{Pj¥,- 

Proof. To simplify the exposition we replace P by a Borel subgroup B and construct 
~^ Gx/B_^- Standard techniques extend this construction to give G^ — >■ G^/P^. 
We construct G^/B_^ and the fibration G^. — G^/B^. With $ as in the proof 
of Proposition 121 let <^x (resp. $+) be the set of roots a € $ (resp. a G $+) 
for which d{x) = 0, where d is an affine root of G with vector part equal to 
a. Also, let Wx be the Weyl group for the root system <^x- For each w G Wx, 
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define ^xiw)+ := {a G | w(a) £ ^^}. The image of Ylae^^{w)+ ll»x under tlie 
multiplication map to will be denoted by Uw^ - Let G^^ C G^. be the (locally 
closed) subscheme Uw^wB^, where w £ G^{Ok) is a representative for w. Then 
is isomorphic to A^™^ and G^,^ is isomorphic to a[^^^ x B^. Let wq be the 
Coxeter element in (recall that is a reduced root system) . Then Gyj^ c G^ 



is an open subscheme and G = U wG^ 



weWx 



w IS an open covering. 



We can now define G^/B_^ by gluing data, as follows. For each w G Wx, let 

be the obvious map (conjugate to Gwg , then use 

l(wo 



Ok 



X and finally project to 



). For each pair wi,W2 & Wx, set 
. For each pair Wi , W2 G Wx , glue Vw^ to Vw^ along 



^vq"'"-'; also, let T4,i,m>2 be the image of idiGw„ wi ^ Cl W2Gwn W2 ^ under 

Ok 



b{'w)^ : wGwajjJ 

9j^x - 

V^, = I 

bjwi) ^ ■■ wi Gwg ^wi' 
Vu,i,w2 — Vw2,wi- The resulting scheme is G_,JB_.^.. 

We have now defined G^/B_,x and also 6,,. : G,, — > G^/M^- It is clear that is a 
principal fibration with group B_^. Since this fibration is given locally by b{w) — 

which is defined by composing two isomorphisms and then projecting A^™"-* x 
— the fibration is smooth. 

A smooth fibration : G^ — > G^/P_^ with group is defined by similar 
arguments. From the construction above we see that the special fibre of G^ — >■ 
Q-x/E-x is a cokernel of {P_x)v„ (Ga;)^, in the category of algebraic varieties over 



F„ 



□ 



G/P 




Figure 1. The quotient scheme G^/E^ 



Remark 2. If xq is hyperspecial then G_^^l P_^^ is projective. We will not use that 
fact in this paper. 
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7. A (hyper) SPECIAL CASE OF THE MACKEY FORMULA 

Proposition 7. Let G be a connected reductive linear algebraic group over a non- 
Achimedean local field IK of odd or zero characteristic. Let K'/K be a finite unram- 
ified extension. Let P be a parabolic subgroup of G Xspoc(K) Spec (K') with reductive 
quotient L. Suppose Xq G /(G, K) is hyperspecial and that the image x'q of xq un- 
der L{G,K) ^ L{G,K') also lies in the image of I{L,K') ^ /(G,K'). For every 
equivariant perverse sheaf Q on Lf^, 

G- (£ )f 

creS(G indp!'t? = ind.p ' creS(i ,)o^^' 

where P_^,^ is the smooth O^j -scheme introduced in Proposition\^ 

Proof. The proof of Proposition [7] follows the argument for [6, Theorem 3] , with 
small adaptations, which we include here. We write x'^ for the image of Xq under 
J(L,K) L{L,K') and under I{G,K) L{G,K'). Consider the Ox'-schemes 

X^, := {{g, h) e G,, X G,, | h-'gh e } - G,, x P^, 

Y,', ■■= {{g, hP^^J e G,, X (g,, ) I h-'gh e P,, } . 

By Proposition [51 these are smooth schemes and the morphism /3^, : X^r^^ — j> Y_^r^ 

defined by /3^, {g, h) := {g, hP^,^ ) is a P_^,^ -torsor . It also follows from Proposition [S] 

(with the field K replaced by K') that the generic fibres of X^,^ and y^./^ are the 
classical varieties 

(X,, )k' ^ Xp {{g, h) e Gk' x Gk' \ h-^gh e P} = Gk' x P 
(Y^'Jk' = Yp := {{g, hP) G Gk' x {Gw/P) \ h'^gh e P] 

The generic fibre {(3 , )k/ of /3 , is the smooth principal P- fibration f3p : Xp Yp 
defined by /3p(g, h) :— (g, HP). Using Proposition [6] we find that the special fibres 

(Xx'jwq, and iY^'^)w^, are 

iX^'X' {^9,h) e (G,,)f,, X (G,,)f,, I h-'gh G {P^^,} = (G,,)^,, x (P,,)^^, 
{Y^iX, := {{g,h{PX,,) e (G,.)f,, x ((G,, )f,,/(P,, V,,) | h'^gh G (£.;,)f,,} 
and that the special fibre {/3 , )^ , of ^ , is the smooth principal fibration ^ ) : 
^(P,' h , ^ ^(P.' )f , defined by /3(p )^ (g, /i) (5, /i(P3;- )f . )• 

Again, with reference to Proposition rol let n^, : P^, L^, be the extension of 

O A Xq Xq 

the reductive quotient map TTp : P — > Lk' (existence and uniqueness is given by 
the Extension Principle, as in |231 2.3], for example) and define a^i^ : X_x'g ~^ Llx'^ 
by cix'X^P) ~ —x'X~^g^)- remark that a^/^ is smooth. The generic fibre 
of c^x^ is Q^p(5,/i) = T^p{h^^gh); the special fibre of a^,^ is defined likewise by 
iax'^)r,, (5, h) = (lE^' )f,, {h-^gh). 

Consider Figure [2l which consists entirely of cartesian squares. Let 5 be a char- 
acter sheaf of L^. Using the definition of parabolic induction [TUl 4] and notation 
from [51 1.5.1], we have 

creS(G^^)og indp^e ^R^CG,,)^- (pri), (^Pk)# (apj* G. 
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Yp: 



OX. 



(i.' )k' - 



Spec (K') Spec (Ds 



— Xq q 



^0 9' 



Spec (¥,,) 



(P. 



1 



x 



(Zx 



)f , 



il^x',)Vq, 



Figure 2. Parabolic induction and compact restriction 



Since the generic fibre of a^i is ap and /3 , — /3p, it follows that 

Xg 

R*(Gx„)o, (P^l)! (%)# («Ps)* ^ = R*(G.„)o, (P^l): ((^,-)t)# i^^x'X Q- 

The projection prj^ : Y_,^, G^, is proper - this is key! By proper base change, 
there is a natural isomorphism 

R*(G,Jo, (Pri), (K)k)* ^ = (Pri). R*y , )k)# G- 

As explained in i6j §1.4.5], smooth base change provides a natural isomorphism 

(pri), R^y , ((/3^,)k)# ((".;,)£)* ^ - (pri), )fj# , i^x'X S- 

Recall that {(3^, )f^, = /^(p^/ )f , ^^'^ fe^^)?, = '^(^'x' )f ■ smooth base change 
one more time: 

(pri): W^,hq)# R%., e = (pri), WiP^,),J# ("(Zx^^)* R*(i.x^)o, 5- 

To finish, we need only recall the definition of induction (again) and compact re- 
striction for the hyperspecial model L^,^ : 

(^ixn)s 



(P^i)! (/3(Pxi)f,)# («(£xi)*,) I^*(^xi)oj ^ = ind(/||).^ cres(i^,),. 



8. Nearby cycles of character sheaves 



□ 



Proposition 8. Suppose G is a connected, reductive linear algebraic group over 
non- Archimedean local field K. that satisfies hypotheses H.l and H.2. Let G^.^ be a 
hyperspecial integral model for G. If J" is a character sheaf ofG^ then cres((3 J-' 
is a direct sum of character sheaves and thus a semisimple perverse sheaf of geo- 
metric origin. 
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Proof. Let T be an arbitrary character sheaf of Gg. By ^Oj Theorem 4.4 (a)] (or 
[151 Corohary 9.3.5]) there is a parabohc subgroup with Levi subgroup and 
a cuspidal character sheaf Q of Ljj such that 

(10) indp«g = ©J-, © J", 



where each Ti is a character sheaf of Gjj, and thus a simple perverse sheaf. Thus, 



(11) creS(G^ )^ indp^e = ©creS(G^ )^ J", © creS(G )^ 



By hypothesis H.2, and using [6l Theorem 2] if necessary, we may assume P^ — 
P Xspoc(K') Spec (K) where K'/K is finite unramified, and that the image Xq of 
xo under /(G,]K') ^ /(G,K') also lies in the image of I{L,K') ^ I{G,K'). The 
hypotheses to Proposition [7] are now met, so 

(12) creS(G )o- indp!^^ = ind^f""!!' creS(L ,)o-^- 

By Proposition [5l cres(i i)o-^ ^ direct sum of character sheaves of {Lxi^)f^G- 



By [ini Proposition 4.8 (b)] and ((T^ . ind/p^" cres(i is a direct sum of 

G- 

character sheaves. Thus, creSfG i ^ indp*'^?, is a direct sum of character sheaves. 
It now follows from ([TT|) that the simple consituents of creS(G )o--^ character 
sheaves. □ 

9. Main result 

Theorem 1. Let G be a connected reductive linear algebraic group overK satisfying 
hypotheses H.l and H.2. Let K'/K be a finite unramified extension. Let P be a par- 
abolic subgroup of G Xspoc(K) Spec (K') with reductive quotient L ^s-pcc(K) Spec (K') 
(so L is a 'twisted Levi subgroup' of G). Let x be an element in /(G, K). If the star 
of X £ I{G, K) contains a hyperspecial vertex then there is a finite set S C G(K') 
such that 

© ]" 

for every character sheaf Q on L^. The finite set S C G(K'), the parabolic subgroups 
vn_^, { ^Pj.i)f^ of (G^,)^'^ , the integral model L.^,g appearing in cresj^ , , and the 
meaning of ^(cres(i , )q^G), are all given in the proof. 

Proof. Let xq be a hyperspecial vertex in the star of x; then xq < x. Using 
[6l Theorem 2], we may assume xq G /(L,K) ^ /(G, K). By [6l Theorem 1], 
there is a parabolic subgroup Pxq<x of (G^^)!?^ = (G^q)f, with Levi component 
(G^,)!?/ such that 

(13) cres(G ),-,„indp!^ Q = res!p"''S„ creS(G )o-indp* Q. 

(The notation Px^Kx is potentially confusing in the present context: the subgroup 
Pxa<x ^ (Gjjjj )p'^^'* is determined by xq and x in /(G, IK) and is unrelated to the 
subgroup P C Gk'-) Since xq is hyperspecial, it follows from Proposition [7] that 

(14) creS(G )„_ indp?' ^ = indlp""!!' cres/^ 



14 



PRAMOD N. ACHAR AND CLIFTON L.R. CUNNINGHAM 



where x'q is the image of xo under I{G, K) ^ I{G, K'). (Note that we have replaced 
cresfr , G, as it appears in Proposition [71 with cres^r G since xq e I(L, K).) 

Combining and (|14p gives 

(15) creS(G ).-,.indp.*^ G = res',~''°\_ indlp""!!' creS(L )„_G- 

By Proposition|8] (which requires Hypothesis H.2) the perverse sheaf cres(L )^_G is 
a direct sum of character sheaves. Therefore, by the Mackey formula for character 
sheaves [TH Proposition 15.2], 
(16) 

(Gj. )i . ,(G^ )f„ „ 

~ ® i'^'ifr"!"dnr<.rp V (^^^a.^°v''n((p ^ v iaCres(i )o^g) 

where S{{Pxo<x)¥g, {P.x' )f,>) is a set of representatives a G (Ga;Q)F^ for double 
cosets 

(17) (P.„<.)F,(F,)\(a,Jf,(F, )/(£,, )j^(F,) 

such that {L_xg)f^ and all ((i^a;jj)F,)'' •^^^^(i^a;;,)!,'^ contain a common maximal 
torus of {G^g)f^ (not depending on a). 

As explained in the proof of [5] Lemma 2], {Pxo<x)f is defined over Fg; in 
fact, iPxo<x)¥, = ^'r!;o<:E Xspcc(F,) Spcc (f,) where Pxo<x is defined in[6j Lemma 2]. 
Together with the fact that Pjj is defined over IK' (by hypothesis), it follows (as in 
[71 Lemma 5.6 (ii)]) that the double coset space above actually coincides with 

(18) ^.o<.(1F,')\(G,o)f,(IF?')/(£.;>,-(F,')- 

The surjective group homomorphism G^^{Dk') {G^g)r^{¥q') induces a bijection 

(19) G,(Dk')\G,„(Dk')/Z.^(£)k') ^ Px,,<x{¥g-)\{GM¥,,)/iP^,)fJ¥g,). 

We will use this bijection to replace the summation set appearing in (jl6p with 
a subset of G(K') and to re-write the summands of (fT6l) in the form promised 
by Theorem [TJ Let x' be the image of x under /(G, K) ^ /(G, K'). For each 
a G S{Px„<x, iUxohg') there is some g e G^gi^K') such that: 

(i) the image of g under the surjective group homomorphism G^^{Ok') ~> 
(G^o)f,(I^9') is a; 

(ii) the reductive quotient {L^/g)'^^ of the special fibre of the schematic closure 
Lx'g of L in G^,g := Gg-i^ is (XJf, H (P:,o<^)''; and 

(ni) the image i^n^, ( ^Pj./)f^ of the special fibre of ^P ^, under the map 

J'G^, : (G^')f, (G^')f/ 
is the Levi component of the parabohc subgroup (G^/)|P'^ fl {"'iP.x'g)^^)- 
Let 5 be a set of elements g so chosen. The double coset of g G 5 is uniquely 
determined by the corresponding a G S{Pxg<x, (£a:j,)F,')- 
We now use [B] Theorem 1] to re-write 

(20) ^^^a""]"-' n(P ^ )- "Cres^i ) = creS(L , )^_G- 



^0 ' K 
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Because of the relationship between g and a articulated above, we also have 
(21) ''(cres(^^,^),^e) = ' {cres^, ^),,^Q) = (( m(g-^) J tj*cres(j,^, j.^^g, 
where {m{g^^) is defined in [6] §2.3], and 

(Observe that Therefore, {G^f^'^ = (G^')f because K'/K is unramified.) There- 
fore, 
(23) 

® ind,„ ,Jdnrafp -1--, res.r v nffp ^ i- )»creS(L )o-t/ 



■^0 9 



: ® md 



thus completing the proof of Theorem [T] □ 

Remark 3. It was not necessary to impose Hypothesis H.O on G at the beginning 
of the statement of Theorem Q] because later we insisted that the star of x contain a 
hyperspecial vertex, which has the effect of making Hypothesis H.O true for G. This 
is also the reason Hypothesis H.O does not appear explicitly in Corollary]^ 

Corollary 1. Let G be a connected reductive linear algebraic group over K satis- 
fying Hypotheses H.l and H.2. Let T C G be a maximal torus that splits over a 
tamely ramified extension K'/K. Suppose x G /(G,K). // the star of x contains a 
hyperspecial vertex then there is a finite set S C G'(K') such that 

creS(G = ® kT"^-'^ [dim {G,)if - dim G^/T^] , 

for every Kummer local system C on T^, where is the complex defined in |121 

_ "(RI'T , C) 
§12.1] (and likewise, Ke " ^ ). 

Proof. Apply Theorem[T]to the case when P = _B is a Borel subgroup of G Xspcc(K) 
Spec (K') with Levi factor T Xgpg(.(]jj) Spec (K'). Use the fact that every character 
sheaf of Tjj takes the form £[dimT] for some Kummer local system C, on and 
[dimG] = ind^''-C[dimT]. Also use the fact that the smooth integral model 
(2Ia;'ff)OiK (^^ defined in the proof of Theorem [Ij is hyperspecial in the sense that 
(Xr'g)!, is reductive, so creS(T^,^)^,^/: = Vc^t^,^C and dim(T^,g)f_^ = dimTjj for 
each g & S. □ 

10. The full Mackey 

We believe Theorem [T] is also true without the condition on x £ /(G, K) (that 
its star contains a hyperspecial vertex). Conjecture [l] below, is the topic of current 
work. 

Conjecture 1 (Mackey formula for compact restriction of character sheaves). 
Let G be a connected reductive linear algebraic group over K satisfying the Hypothe- 
ses H.l and H.2. Let K'/K be a finite, tamely ramified extension. Let P be a para- 
bolic subgroup of G Xspoc(K) Spec (K') with reductive quotient L Xspec(K) Spec (K') 
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(so L is a 'twisted Levi subgroup' of G). Let x be an element in the Bruhat-Tits 
building L{G,K). There is a finite set S C G(K') such that 

for every character sheaf Q on L-^. The finite set S C G(K') , the parabolic subgroups 
^G^, {IP.x')¥q 0/ {GxYf'^, and the integral model L^,g appearing in creS(i^,^)j-,_ , are 
all as they appear in the proof of Theorem [H 

In this paper we have proved Conjecture [T] in the case that the star of x contains 
a hyperspecial vertex. Special hnear groups and unitary groups, for example, have 
the property that for every x € L{G, K) there is some hyperspecial vertex contained 
in the star of x, so Theorem[T]can be used to determine cres((3 indp^^ for every 
X G /(G, K) in such cases. The smallest example of a group that does enjoy this 
property (that for every x € L{G, K) there is some hyperspecial vertex contained 
in the star of x) is G ~ Sp(4), precisely because the building for Sp(4,K) contains 
non-hyperspecial vertices. In order to determine creS(G )o^indp*'f/ in such cases, 
other techniques are required - these are the topic of work in progress. 

Appendix A. Toric Dk-schemes 

All schemes considered here will be separated schemes of finite type over Dk- 
In particular, G,„ denotes the group scheme Gm,DK ~ Spec (DK[t, and 
denotes A^^ — Spec {DK[t])- Let b : Gm — > A^ be the natural inclusion map. Let 
A be a finitely generated Ds-algebra, and let X — Spec (A). 

Specifying a group action /i : Gm x X ^ X is equivalent to specifying an Dk- 
modulc decomposition A = ®„gz An that makes A into a Z-graded Ds-algebra. 
To see this, consider the coaction map pi'^ : A ^ 0-K[t,t^^] (g) A, and let An — 
{li^)~^{OKt" (8> A). The claim follows from basic properties of fi'^. 

Suppose now that X is endowed with a Gm-action. Let / C A be the ideal 
generated by Dx-submodule 0„-^o ^^"^ — Spec {A)/L. Let 

i : X^" X 

denote the corresponding closed embedding. Z is the scheme of Grm-fixed points. 
On the other hand, set X//G„i — Spec (^)q. The corresponding map 

vr : A ^ A//(G„,, 

is called the invariant-theoretic quotient map. Let A be a scheme with a Gm- 
action /i : G„i x A — s> A. This action is said to be contracting if there is a map 
/2 : A^ X X — > A such that the following diagram commutes: 

G™ X X *- X 




Ai X A 



For an affine scheme A = Spec (A) , an action fi : Gm x A — > A is contracting if and 
only if in the corresponding grading on A, we have An = for n < 0. When this 
holds, the map p, : x X ^ X is uniquely determined, and there is a canonical 
isomorphism X*^" = A//G,„. 
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